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Abstrat
We study in this artile the mathematial properties of a lass of orbital-free kineti energy
funtionals. We prove that these models are linearly stable but nonlinearly unstable, in the sense
that the orresponding kineti energy funtionals are not bounded from below. As a matter of
illustration, we provide an example of an eletroni density of simple shape the kineti energy of
whih is negative.
1 Introdution
Kohn-Sham models have brought a onsiderable breakthrough in atomi-sale simulation of materials in
ondensed phase. However, the use of the Kohn-Sham kineti energy is problemati when the number of
eletrons by unit ell exeeds a few hundreds (for omputational means available to date). Some authors
therefore proposed to approximate the Kohn-Sham kineti energy funtional in order to get rid of both
the orbital and k-point dependenies. Their approah onsists in improving the Thomas-Fermi model,
for whih the kineti energy funtional reads
TTF[ρ] = CTF
∫
Q
ρ5/3 (1.1)
where Q is the simulation unit ell, ρ a given density, and CTF =
3
10
(
3π2
)2/3
the Thomas-Fermi onstant,
by adding some orretion terms. The funtionals under onsideration in this artile are referred to as
density-independent in the literature [6℄. They formally read
Tα,β[ρ] = CTF
∫
Q
ρ5/3 +
1
2
∫
Q
|∇√ρ|2 + CTF
∫
Q
ρ(x)α
(∫
R3
wα,β(k0[ρ¯], x− y) ρ(y)β dy
)
dx (1.2)
1
where α and β are positive real numbers suh that α + β = 5/3, where k0[ρ] =
(
3π2ρ¯
)1/3
is the Fermi
wavenumber assoiated with the average density ρ¯ =
1
|Q|
∫
Q
ρ (here and below |Q| denotes the volume
of the unit ell Q), and where wα,β is some Green kernel. We will denote respetively by TTF, TW and
TC the Thomas-Fermi, von Weizsäker and onvolution term in (1.2):
TTF[ρ] = CTF
∫
Q
ρ5/3, (1.3)
TW[ρ] =
1
2
∫
Q
|∇√ρ|2 (1.4)
TC[ρ] = CTF
∫
Q
ρ(x)α
(∫
R3
wα,β(k0[ρ¯], x− y) ρ(y)β dy
)
dx. (1.5)
Note that wα,β is a funtion of two variables. The rst one, denoted by kF , is a real number whih has the
dimension of a wavenumber. The seond one is the onvolution variable; it is a vetor of R
3
whih has the
dimension of a position vetor. Energy funtionals of this type were introdued by Wang and Teter [9℄
(with α = β = 5/6), and further generalized by several authors [6, 7, 8℄. For a given pair (α, β), the Green
kernel wα,β is ompletely determined by the requirement that the kineti energy funtional Tα,β must
be ompatible with the Lindhard perturbation theory (see e.g. [1℄). This ompatibility ondition has
been written as early as in 1964, in the artile by Hohenberg and Kohn founding the Density-Funtional
Theory [3℄. Imposing that Tα,β must be ompatible with the Lindhard theory leads to the relation
wˆα,β(kF , ξ) =
5
9αβ
G
( |ξ|
2kF
)
where wˆα,β denotes the Fourier transform of wα,β(kF , x) with respet to the onvolution variable x and
where for all η ∈ R+,
G(η) =
(
1
2
+
1− η2
4η
log
∣∣∣∣1 + η1− η
∣∣∣∣)−1 − 3η2 − 1.
It is important to note that the normalization onvention entering in the denition of the Fourier transform
used above is the following: for all f ∈ L1(R3),
fˆ(ξ) =
∫
R3
f(x) e−ix·ξ dx.
The purpose of this artile is to analyze the mathematial properties of the kineti energy funtionals
of the form (1.2). The main results are presented in Setion 2. We prove that these models are linearly
stable but nonlinearly unstable, in the sense that the orresponding kineti energy funtionals are not
bounded from below. As a matter of illustration, we provide an example of an eletroni density of simple
shape the kineti energy of whih is negative (all the numbers are in atomi units). Let us onsider a
ubial simulation ell Q =] − L/2, L/2[3 and the Q-periodi funtion ρN,r0,L with N > 0 and r0 > 0
dened on Q by
ρN,r0,L(x, y, z) = N
(
1
πr20
)3/2
e−(x
2+y2+z2)/r20 .
2
For r0 << L, one has (up to mahine preision),∫
Q
ρN,r0,L = N,
TTF [ρN,r0,L] =
CTF
π
(
3
5
)3/2
ρ
5/3
0
L5
r20
,
TW [ρN,r0,L] =
1
2
∫
Q
|∇√ρN,r0,L|2 =
3
2
ρ0
L3
r20
,
and
TC [ρN,r0,L] =
5
9αβ
TTF [ρN,r0,L] φh(γ).
In the above expressions, TTF, TW and TC are dened by (1.3), (1.4) and (1.5), and
φh(γ) =
1
π3/2
h3
∑
q∈(hZ)3
G(γ|q|) e−|q|2 , (1.6)
with
h =
(
5
3αβ
)1/2
π
r0
L
and γ =
(
3αβ
5
)1/2
1
k0[ρN,r0,L]r0
.
Notie that (1.6) is a Riemann sum whih approximates the integral
φ(γ) =
1
π3/2
∫
R3
G(γ|q|) e−|q|2 dq.
For N = 13, r0 = 0.5 and L = 4.906, and with α, β =
5±√5
6
, one has for instane Tαβ[ρN,r0,L] = −8.183
(for the sake of omparison, the kineti energy of the uniform eletron gas of density ρ¯ = N/L3 is
Tα,β[ρ¯] = 8.573). The parameters N = 13 and L = 4.906 orrespond to an all eletron alulation on
Aluminium.
2 Main results
Let us rst reall the denitions of the funtional spaes under onsideration below: for 1 ≤ p < +∞,
Lploc(R
3) =
{
u : R3 → R measurable,
∫
K
|u|p < +∞ for all ompat sets K ⊂ R3
}
,
Lp(Q) =
{
u : Q→ R measurable,
∫
Q
|u|p < +∞
}
,
H1(R3) =
{
u ∈ L2(R3), ∇u ∈ (L2(R3))3} ,
H1per(Q) =
{
u = v|Q , v ∈ L2loc(R3), ∇v ∈
(
L2loc(R
3)
)3
, v Q-periodi
}
,
3
H−1per(Q) =
(
H1per(Q)
)′
is the topologial dual of H1per(Q).
The spae Lp(Q) is equiped with the norm ‖u‖Lp =
(∫
Q
|u|p
)1/p
and the spae H1per(Q) with the norm
‖u‖H1 =
(∫
Q
|u|2 +
∫
Q
|∇u|2
)1/2
.
The main mathematial properties of the orbital-free kineti energy funtionals Tα,β are put together in
the following two theorems.
Theorem 2.1 Let us onsider two positive real numbers α and β suh that α+β = 5/3. Let us onsider
a Q-periodi potential V ∈ L3/2loc (R3) and the minimization problem
IN = inf
{
Tα,β [ρ] +
∫
Q
V ρ, ρ ≥ 0, √ρ ∈ H1per(Q),
∫
Q
ρ = N
}
, (2.1)
where N is the number of eletrons per unit ell. Then,
1. The real number Tα,β[ρ] formally dened by (1.2) an be rigorously dened for any nonnegative
funtion ρ suh that
√
ρ ∈ H1per(Q).
2. If V is onstant, ρ0 = N/|Q| is a stable loal minimizer of (2.1).
3. For V ∈ L3/2(Q) suh that V − 1|Q|
∫
Q
V is small enough (for the L3/2(Q) norm), problem (2.1)
has a unique loal minimizer in the neighborhood of ρ0.
4. Assume that V ∈ Lp(Q) with p > 3/2. When
N > Nα,β =
 A0
2CTF
(
8
9αβ − 1
)
3/2 ,
with
A0 = inf

∫
R3
|∇u|2∫
R3
|u|10/3
, u ∈ H1(R3),
∫
R3
u2 = 1
 ,
the ground state energy IN equals −∞.
It is easy to obtain a numerial value of A0 (A0 ≃ 9.5785), hene of Nα,β for all (α, β). The results
are displayed on Fig 1. One an see that the ritial values Nα,β are not very large. In partiular,
Nα,β ≃ 4.636 for the values reommended in [6℄, namely α, β = 5±
√
5
6
.
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Figure 1: Plot of the funtion α 7→ Nα,5/3−α for α ∈ [0, 5/3].
Similar results an be obtained for models in whih the eletroni interation is taken into aount, suh as
the ones used in atomi-sale simulation of materials. Let us notably onsider the minimization problem
I˜N = inf
{
Tα,β[ρ] +
1
2
J [ρ− ρn] + Exc[ρ], ρ ≥ 0, √ρ ∈ H1per(Q),
∫
Q
ρ = N
}
, (2.2)
where ρn ∈ L6/5loc (R3) is a given nonnegative Q-periodi density suh that
∫
Q
ρn = N (ρn represents the
density of smeared nulear harges), and where J and Exc are the Coulomb energy funtional and some
exhange-orrelation energy funtional, respetively. Reall that
J [ρ− ρn] =
∫
Q
(ρ− ρn)W
with W denoting the unique solution in H1per(Q) of{ −∆W = 4π(ρ− ρn),∫
QW = 0.
(2.3)
For simpliity, we onsider the ase of the so-alled Xα exhange-orrelation funtional
Exc[ρ] = −Cxc
∫
Q
ρ4/3,
where Cxc =
3
4
(
3
pi
)1/3
is a positive onstant, but similar results an be obtained for more ompliated
funtionals.
5
Theorem 2.2 Let us onsider two positive real numbers α and β suh that α+ β = 5/3. Then,
1. If ρn = N/|Q| (Jellium bakground) with N/|Q| > ρinf
(
Cxc
CTF
)3
, then ρ0 = N/|Q| is a stable loal
minimizer of (2.2).
2. For ρn Q-periodi, suh that
∫
Q
ρn = N and lose enough, for the L
6/5(Q) norm, to some onstant
density ρ0 with ρ0 > ρinf , problem (2.2) has a unique loal minimizer in the neighborhood of ρ0.
3. When N > Nα,β =
 A0
2CTF
(
8
9αβ − 1
)
3/2
, the ground state energy I˜N equals −∞.
Note that the onstant ρinf =
(
Cxc
CTF
)3
≃ 0.102 is not very high (ρ¯ = 0.110 for Al and ρ¯ = 0.309 for Fe).
3 Conluding remarks
Density-independent orbital-free kineti energy funtionals of the form (1.2) are all nonlinearly unstable:
when the number N of eletrons per unit ell exeeds a few units (N ≥ 5 for α, β = 5±
√
5
6
), the kineti
energy goes to minus innity when the density onentrates in some point of the unit ell. As proved in
Theorem 2.2, the Coulomb repulsion (whih tends to prevent the density from onentrating) is not able
to stabilize the model. For large, inhomogeneous systems simulated on ne grids, one an therefore fear
that the numerial solution obtained with suh models will be meaningless.
This serious drawbak is an additional motivation for onstruting more elaborate funtionals suh as the
so-alled density-dependent orbital-free funtional introdued in [8℄. The mathematial analysis, as well
as the numerial simulation of the latter models, are more diult. Hopefully, this will be the matter of
a future work.
4 Mathematial proofs
Let us begin this setion by a formal alulation. In the sequel, the periodi lattie assoiated to the ell
Q is denoted by R, and its dual lattie (see e.g. [1℄) by R∗. If kF is a positive real number, and if f and
g are two Q-periodi funtions, one has∫
Q
f(x)
(∫
R3
wα,β(kF , x− y) g(y) dy
)
dx =
∫
Q
f(x)
(∑
k∈R
∫
Q
wα,β(kF , x− y − k)g(y + k) dy
)
dx
=
∫
Q
f(x)
(∑
k∈R
∫
Q
wα,β(kF , x− y − k)g(y) dy
)
dx
=
∫
Q
∫
Q
f(x) g(y)
(∑
k∈R
wα,β(kF , x− y − k)
)
dx dy.
6
As R is symmetri with respet to the origin and as wα,β(kF , x) = wα,β(kF ,−x), it follows in partiular
that ∫
Q
f(x)
(∫
R3
wα,β(kF , x− y) g(y) dy
)
dx =
∫
Q
g(x)
(∫
R3
wα,β(kF , x− y) f(y) dy
)
dx,
and therefore that Tα,β [ρ] = Tβ,α[ρ]. In addition, using Poisson formula, one obtains∑
k∈R
wα,β(kF , x− y − k) = 1|Q|
∑
q∈R∗
wˆα,β(kF , q)e
i(x−y)·q =
5
9αβ
1
|Q|
∑
q∈R∗
G
( |q|
2kF
)
ei(x−y)·q
then∫
Q
f(x)
(∫
R3
wα,β(kF , x− y) g(y) dy
)
dx =
∫
Q
∫
Q
f(x) g(y)
 5
9αβ
1
|Q|
∑
q∈R∗
G
( |q|
2kF
)
ei(x−y)·q
 dx dy
=
5
9αβ
1
|Q|
∑
q∈R∗
G
( |q|
2kF
)
cq(f) cq(g)
where (cq(h))q∈R∗ denote the Fourier oeients of the Q-periodi funtion h, namely
cq(h) =
∫
Q
h(x) e−iq·x dx.
Proof of Theorem 2.1: In view of the preeding remark, we an onsider that (1.2) is a formal notation
for
Tα,β[ρ] = CTF
∫
Q
ρ5/3 +
1
2
∫
Q
|∇√ρ|2 + CTF 5
9αβ
1
|Q|
∑
q∈R∗
G
( |q|
2k0[ρ]
)
cq (ρα) cq
(
ρβ
)
. (4.1)
Note that the latter expression of the nonloal term is the one whih is atually used in numerial
simulations (see e.g. [8℄). Now, it is easy to see that Tα,β[ρ] is well dened by (4.1) for any nonnegative
funtion ρ suh that
√
ρ ∈ H1per(Q) as soon as α and β are positive real numbers suh that α + β =
5
3
.
Indeed, when
√
ρ ∈ H1per(Q), both ρ5/3 and |
√
ρ|2 are in L1(Q). Besides, the sum over the dual lattie is
normally onvergent. This an be proved by remarking that, on the one hand, G is a bounded funtion,
and that, on the other hand, ρα and ρβ are in L2(Q) for
√
ρ ∈ H1per(Q) and for α and β are in [0, 5/3]
(these are onsequenes of Sobolev inequalities [10℄). Thus, using Cauhy-Shwarz inequality and Parseval
relation,
1
|Q|
∑
q∈R∗
∣∣∣∣G( |q|2k0[ρ]
)
cq (ρα) cq
(
ρβ
)∣∣∣∣ ≤ (sup
R+
|G|
)
1
|Q|
∑
q∈R∗
∣∣∣cq (ρα) cq (ρβ)∣∣∣
≤
(
sup
R+
|G|
)
1
|Q|
∑
q∈R∗
∣∣∣cq (ρα)∣∣∣2
1/2 ∑
q∈R∗
∣∣cq (ρβ)∣∣2
1/2
=
(
sup
R+
|G|
)
‖ρα‖L2(Q) ‖ρβ‖L2(Q) < +∞.
7
This onludes the proof of the rst statement of Theorem 2.1. Let us now prove the seond statement.
For this purpose we introdue the problem
inf
{
EK [φ] +
∫
Q
V φ2, φ ∈ H1per(Q),
∫
Q
φ2 = N
}
, (4.2)
where
EK [φ] = Tα,β[φ
2] = CTF
∫
Q
|φ|10/3 + 1
2
∫
Q
|∇φ|2 + CTF 5
9αβ
1
|Q|
∑
q∈R∗
G
( |q|
2k0[ρ0]
)
cq (|φ|2α) cq
(|φ|2β) .
It is easy to hek that the inmum of (4.2) is equal to IN and that ρ is a loal minimum of (2.1) if and
only if φ =
√
ρ is a loal minimum of (4.2). The Euler-Lagrange equation assoiated with problem (4.2)
reads
−1
2
∆φ+
5
3
CTF|φ|4/3φ+ V φ+ L[φ] = µφ (4.3)
where L[φ] denotes the ontinuous linear form on H1per(Q) dened by
L[φ] · h = CTF 5
9αβ
1
|Q|
∑
q∈R∗
G
( |q|
2k0[ρ0]
) (
αcq (|φ|2α−2φh) cq
(|φ|2β)+ βcq (|φ|2α) cq (|φ|2β−1φh)) ,
(4.4)
and where µ is a Lagrange multiplier assoiated with the onstraint
∫
Q
φ2 = N . Let us denote by
φ0 =
√
ρ0. As on the one hand, cq
(
φ2α0
)
= cq
(
φ2β0
)
= 0 for all q 6= 0, and as on the other hand,
G (0) = 0, one has L[φ0] = 0. Therefore, φ0 solves the Euler-Lagrange equation (4.3) for V equal to the
onstant V0, with µ =
5
3ρ
2/3
0 +V0; if V is onstant, φ0 is thus a ritial point of (4.2). In order to omplete
the proof of the seond statement of Theorem 2.1, it is suient to show that the ontinuous symmetri
bilinear form
B[φ0, µ0](h1, h2) =
1
2
∫
Q
∇h1 · ∇h2 + 35
9
CTF
∫
Q
φ
4/3
0 h1h2 +
5
9αβ
CTFK[φ0](h1, h2)− µ0
∫
Q
h1h2, (4.5)
is positive denite on the tangent subspae
{
h ∈ H1per(Q),
∫
Q
φ0h = 0
}
. In the above expression µ0 =
5
3ρ
2/3
0 and K[φ0] denotes the bilinear form dened by
K[φ0](h1, h2) = 1|Q|
∑
q∈R∗
G
( |q|
2k0[ρ0]
) (
α(2α− 1) cq
(
φ2α−20 h1h2
)
cq
(
φ2β0
)
+ β(2β − 1) cq (φ2α0 ) cq
(
φ2β−20 h1h2
)
+ 2αβ
(
cq
(
φ2α−10 h1
)
cq
(
φ2β−10 h2
)
+ cq
(
φ2α−10 h2
)
cq
(
φ2β−10 h1
)))
=
4αβ
|Q| φ
2α+2β−2
0
∑
q∈R∗
G
( |q|
2k0[ρ0]
)
Re
(
cq (h1)cq (h2)
)
=
4αβ
|Q| φ
4/3
0
∑
q∈R∗
G
( |q|
2k0[ρ0]
)
Re
(
cq (h1)cq (h2)
)
.
8
The latter equality has been obtained using that for all q 6= 0, cq
(
φ2α0
)
= cq
(
φ2β0
)
= 0, that G(0) = 0,
and that α+ β = 5/3. A simple alulation then leads to
B[φ0, µ0](h, h) =
1
2
∫
Q
|∇h|2 + 20
9|Q|CTFφ
4/3
0
∑
q∈R∗
[
G
( |q|
2k0[ρ0]
)
+ 1
]
cq (h)cq (h)
=
1
2
∫
Q
|∇h|2 + 2
3|Q| (k0[ρ0])
2
∑
q∈R∗
[
G
( |q|
2k0[ρ0]
)
+ 1
]
cq (h)cq (h)
=
2
3|Q| (k0[ρ0])
2
∑
q∈R∗
[
G
( |q|
2k0[ρ0]
)
+ 1− 3
( |q|
2k0[ρ0]
)2]
cq (h)cq (h)
=
2
3|Q| (k0[ρ0])
2
∑
q∈R∗
F
( |q|
2k0[ρ0]
)
cq (h)cq (h)
where the funtion F is dened by
F (η) =
(
1
2
+
1− η2
4η
log
∣∣∣∣1 + η1− η
∣∣∣∣)−1 .
Not surprisingly, one reovers the funtion F (η) arising in Lindhard theory [1℄. As F (η) ≥ 1 for all η ≥ 0,
one obtains
B[φ0, µ0](h, h) ≥ 2
3
(k0[ρ0])
2
∫
Q
h2, (4.6)
whih ompletes the proof of the seond statement.
Let us now onsider the funtion
F : (H1per(Q)× R)× L3/2(Q) −→ (H−1per(Q)× R)
((φ, µ) , V ) 7−→
(
−1
2
∆φ+
5
3
|φ|4/3φ+ V φ+ L[φ]− µφ,
∫
Q
φ2 −N
)
.
The funtion F is of lass C1 and satises, for any onstant V0, F ((φ0, µ0 + V0) , V0) = 0. Besides, the
partial derivative of F with respet to the pair (φ, µ), at the point ((φ0, µ0 + V0) , V0) is given by
∂F
∂φ
∣∣∣∣
((φ0,µ0+V0),V0)
· (h) =
(
B[φ0, µ0] (h, ·) ,
∫
Q
φ0h
)
,
∂F
∂µ
∣∣∣∣
((φ0,µ0+V0),V0)
= (−φ0, 0),
where B[φ0, µ0] denotes the bilinear form dened by (4.5). Next, it is possible to improve (4.6), by
showing that there exists some onstant γ > 0 suh that F (η) ≥ 1 + γη2 for all η ≥ 0 (atually, one an
use γ = 1/4 ). Hene, we have
B[φ0, µ0](h, h) ≥ 2
3
(k0[ρ0])
2
∫
Q
h2 +
γ
6
∫
Q
|∇h|2.
9
This shows that B[φ0, µ0] is oerive, and we may thus apply Lax-Milgram theorem [4℄, proving that
∂F
∂(φ, µ)
∣∣∣∣
((φ0,µ0+V0),V0)
is invertible. The third statement of Theorem 2.1 then follows from the impliit
funtion theorem [4℄.
The fourth statement an be established by a saling argument. We hoose the oordinate axes in suh
a way that B(0, ǫ) =
{
x ∈ R3, |x| < ǫ} ⊂ Q for some ǫ > 0, and we onsider a density ρ1 ∈ C∞0 (R3)
supported in B(0, ǫ) suh that ρ1 ≥ 0,
∫
R3
ρ1 = N . We then onsider the family of trial densities (ρσ)σ≥1
dened by
∀σ ≥ 1, ∀x ∈ Q, ρσ(x) = σ3 ρ1(σx).
It is lear that for all σ ≥ 1, ρσ belongs to the minimization set{
ρ ≥ 0, √ρ ∈ H1per(Q),
∫
Q
ρ = N
}
.
One has
Tα,β [ρσ] = CTF
∫
Q
ρ5/3σ +
1
2
∫
Q
|∇√ρσ|2 + CTF
5
9αβ
1
|Q|
∑
q∈R∗
G
( |q|
2k0[ρ]
)
cq (ρασ) cq
(
ρβσ
)
.
As ∫
Q
ρ5/3σ = σ
2
∫
R3
ρ
5/3
1 ,
1
2
∫
Q
|∇√ρσ|2 =
σ2
2
∫
R3
|∇√ρ1|2,
cq (ρ
α
σ) = σ
3(α−1) ρ̂α1
( q
σ
)
, and cq
(
ρβσ
)
= σ3(β−1) ρ̂β1
( q
σ
)
,
we obtain
Tα,β[ρσ] = σ
2
1
2
∫
R3
|∇√ρ1|2 + CTF
∫
R3
ρ
5/3
1 + CTF
5
9αβ
1
σ3|Q|
∑
q∈R∗
G
( |q|
2k0[ρ]
)
ρ̂α1
( q
σ
)
ρ̂β1
( q
σ
) .
Using that G is bounded and that lim
η→+∞
G(η) = −8
5
, we have
1
σ3|Q|
∑
q∈R∗
G
( |q|
2k0[ρ]
)
ρ̂α1
( q
σ
)
ρ̂β1
( q
σ
)
=
1
σ3|Q|
∑
q∈ 1
σ
R∗
G
(
σ|q|
2k0[ρ]
)
ρ̂α1 (q) ρ̂
β
1 (q)
−→
σ→+∞
−8
5
1
(2π)3
∫
R3
ρ̂α1 (q) ρ̂
β
1 (q) dq
= −8
5
∫
R3
ρ
5/3
1 .
As N > Nα,β, and as C
∞
0 (R
3) is dense in H1(R3), it is possible to nd a funtion φ ∈ C∞0 (R3) suh that∫
R3
φ2 = 1 and ∫
R3
|∇φ|2∫
R3
|φ|10/3
< 2CTF
(
8
9αβ
− 1
)
N2/3. (4.7)
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For some τ large enough, the funtion
φτ (x) = τ
3/2φ(τx)
is supported in the set B(0, ǫ) introdued above and the funtion ρ1(x) = Nφτ (x)
2
is suh that ρ1 ∈
C∞0 (R
3), Supp ρ1 ⊂ B(0, ǫ), ρ1 ≥ 0 and
∫
R3
ρ1 = N . In addition,
γ = −1
2
∫
R3
|∇√ρ1|2 + CTF
(
8
9αβ
− 1
)∫
R3
|ρ1|5/3 > 0.
One therefore has,
Tα,β[ρσ] ∼
σ→+∞
−γσ2.
Besides, from Hölder inequality [4℄, ∣∣∣∣∫
Q
ρσV
∣∣∣∣ ≤ ‖ρσ‖Lp′ ‖V ‖Lp
where p′ =
(
1− 1
p
)−1
< 3. As ‖ρσ‖Lp′ = σ3−3/p
′ ‖ρ1‖Lp′ = o(σ2), we nally onlude that
Tα,β[ρσ] +
∫
Q
ρσV ∼
σ→+∞
−γσ2,
and therefore that IN = −∞.
Remark 4.1 Let us point out that one an arry out the same analysis with the density
ρσ(x) =
N −Nc
|Q| +Ncσ
3ρ1(σx), (4.8)
with Nα,β < Nc < N instead of the above ρσ. This is physially more satisfatory sine the densities
dened by (4.8) are uniformly bounded away from zero.
Proof of Theorem 2.2: We use the same strategy as in the proof of Theorem 2.1, and thus dene the
following minimization problem:
inf
{
EK [φ] +
1
2
J [φ2 − ρn] + Exc[φ2], φ ∈ H1per(Q),
∫
Q
φ2 = N
}
. (4.9)
A funtion φ is a solution of (4.9) if and only if ρ = φ2 is a solution of (2.2). Let us write down the
orresponding Euler-Lagrange equation:
−1
2
∆φ+
5
3
CTF|φ|4/3φ+ L[φ] +Wφ− 4
3
Cxc|φ|2/3φ = µφ, (4.10)
where the eletrostati potential W is dened by (2.3), and the linear form L[φ] by (4.4). The onstant µ
is the Lagrange multiplier assoiated to the harge onstraint. As pointed out in the proof of Theorem 2.1,
11
if we dene φ0 =
√
ρ0, we have L[φ0] = 0. In addition, W is then a solution of −∆W = 0, and is thus
identially zero in view of its periodiity and of the normalization ondition in (2.3). This shows that φ0
is a solution of (4.10) with
µ = µ0 =
5
3
CTFρ
2/3
0 −
4
3
Cxcρ
1/3
0 . (4.11)
Hene, φ0 is a ritiial point of the energy. We need now to show that it is a loal minimizer. In order
to do so, we show that the bilinear form
B[φ0, µ0](h1, h2) =
1
2
∫
Q
∇h1 · ∇h2 + 35
9
CTF
∫
Q
φ
4/3
0 h1h2 +
5
9αβ
CTFK[φ0](h1, h2)
+2φ0D(h1, h2)− Cxc 20
9
∫
Q
φ
2/3
0 h1h2 − µ0
∫
Q
h1h2, (4.12)
is positive denite on the tangent subspae
{
h ∈ H1per(Q),
∫
Q
φ0h = 0
}
. In the above expression µ0 is
dened by (4.11), K[φ0] denotes the bilinear form dened by
K[φ0](h1, h2) = 4αβ|Q| φ
4/3
0
∑
q∈R∗
G
( |q|
2k0[ρ0]
)
Re
(
cq (h1)cq (h2)
)
,
and D is dened by
D(h1, h2) =
∫
Q
W1h2, with −∆W1 = 4πh1, W1 ∈ H1per(Q),
∫
Q
W1 = 0.
We now point out that atually, W1 may be dened by its Fourier oeients through |q|2cq(W1) =
4πcq(h1) and c0(W1) = 0, so that
D(h1, h2) =
4π
|Q|
∑
q∈R∗\{0}
cq(h1)cq(h2)
|q|2 .
Hene, arrying out the same omputation as in the proof of Theorem 2.1, we have
B[φ0, µ0](h, h) =
1
|Q|
∑
q∈R∗
(
20
9
CTFρ
2/3
0 F
( |q|
2k0[ρ0]
)
− 20
9
Cxcρ
1/3
0
)
|cq(h)|2
+
1
|Q|
∑
q∈R∗\{0}
4π
|q|2 |cq(h)|
2.
Now, we know that F (η) ≥ 1, whih, with the help of ρ1/30 >
Cxc
CTF
, implies that
B[φ0, µ0](h, h) ≥ δ
∫
Q
h2,
for some positive onstant δ independent of h. This proves that ρ0 is a loal minimizer of (2.2).
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We now prove the seond statement of Theorem 2.2. For this purpose, we introdue the funtion
G : (H1per(Q)× R)× L6/5(Q) −→ (H−1per(Q)× R)
((φ, µ) , ρn) 7−→
(
−1
2
∆φ+
5
3
CTF|φ|4/3φ+ L[φ] +Wφ− 4
3
Cxc|φ|2/3φ− µφ,
∫
Q
φ2 −N
)
,
whereW is here again dened by (2.3), where ρ = |φ|2. The funtion G is of lass C1 (all terms are learly
C1 exeptWφ, but this one may be shown to have the desired regularity with the help of standard ellipti
estimates). In addition, G((φ0, µ0), ρ0) = 0, and the partial derivatives of G at this point read
∂G
∂φ
∣∣∣∣
((φ0,µ0),ρ0)
· (h) =
(
B[φ0, µ0] (h, ·) ,
∫
Q
φ0h
)
,
∂G
∂µ
∣∣∣∣
((φ0,µ0),ρ0)
= (−φ0, 0),
where B[φ0, µ0] is dened by (4.12). Here again, using the fat that F (η) ≥ 1 + γη2 for some positive
onstant γ and that ρ
1/3
0 >
Cxc
CTF
, one easily shows that
B[φ0, µ0](h, h) ≥ δ
(∫
Q
h2 +
∫
Q
|∇h|2
)
,
for some onstant δ > 0. Hene, one may apply Lax-Milgram theorem [4℄ to prove that
∂G
∂(φ, µ)
∣∣∣∣
((φ0,µ0),ρ0)
is invertible. The seond statement of Theorem 2.1 then follows from the impliit funtion theorem [4℄.
We now turn to the third statement of Theorem 2.2. We use test funtions of the form
ρσ(x) = σ
3ρ1(σx), σ ≥ 1.
We an arry out the same omputation for the kineti energy, showing here again that, if φ1 satises
(4.7), hoosing ρ1(x) = N |φ1(x)|2 leads to
Tα,β[ρσ] ∼
σ→+∞
−γσ2,
with
γ = −1
2
∫
R3
|∇√ρ1|2 + CTF
(
8
9αβ
− 1
)∫
R3
|ρ1|5/3 > 0.
We therefore only need to hek that the remaining terms of the energy have a saling of lower order as
σ goes to innity. First, we have∫
Q
ρ4/3σ =
∫
Q
σ4ρ
4/3
1 (σx)dx = σ
∫
R3
ρ
4/3
1 .
We then ompute the Coulomb term, using its Fourier expression:
J(ρσ − ρn) = 4π|Q|
∑
q∈R∗\{0}
|cq(ρσ − ρn)|2
|q|2 ≤
8π
|Q|
∑
q∈R∗\{0}
|cq(ρσ)|2 + |cq(ρn)|2
|q|2 .
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Pointing out, as in the proof of Theorem 2.1, that cq(ρσ) = ρˆ1
(
q
σ
)
, we thus have
J(ρσ − ρn) ≤ 8π|Q|σ2
∑
q∈R∗\{0}
∣∣ρˆ ( qσ )∣∣2
|q|2
σ2
+ C,
where C is a onstant depending only on ρn. The sum is, up to a fator σ, a Riemann sum, and we thus
have
J(ρσ − ρn) ≤ 2σ
∫
R3
|ρˆ1(ξ)|2
|ξ|2 dξ + o(σ).
This allows to onlude that both the exhange term and the eletrostati term have a saling of order
stritly lower than σ2 as σ goes to innity. We thus ome to the same onlusion as in Theorem 2.1.
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